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Abstract
The distinguishing number of a graph G, denoted D(G), is the minimum number of colors such that there exists a coloring of the
vertices ofGwhere no nontrivial graph automorphism is color-preserving. In this paper, we answer an open question posed inBogstad
and Cowen [The distinguishing number of the hypercube, Discrete Math. 283 (2004) 29–35] by showing that the distinguishing
number of Qpn , the pth graph power of the n-dimensional hypercube, is 2 whenever 2<p<n − 1. This completes the study of the
distinguishing number of hypercube powers. We also compute the distinguishing number of the augmented cube AQn, a variant of
the hypercube introduced in Choudum and Sunitha [Augmented cubes, Networks 40 (2002) 71–84]. We show that D(AQ1) = 2;
D(AQ2)=4;D(AQ3)=3; andD(AQn)=2 for n4. The sequence of distinguishing numbers {D(AQn)}∞n=1 answers a question
raised in Albertson and Collins [An introduction to symmetry breaking in graphs, Graph Theory Notes N.Y. 30 (1996) 6–7].
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Given a graph G, an r-coloring of G is a function c:V (G) → {1, . . . , r}. An automorphism  of the graph G is
said to preserve the coloring c if c(v)= c(v) for each vertex v ∈ V (G). A coloring of G is said to be distinguishing if
no nontrivial automorphism of G preserves it. The distinguishing number of G, denoted D(G), is the smallest number
of colors r such that there exists a distinguishing r-coloring of G. Note that throughout this paper, r-colorings are not
required to be proper graph colorings; two adjacent vertices may or may not have the same color.
The distinguishing number was ﬁrst introduced in [2] by Albertson and Collins, who proved some general results
relating the distinguishing number of a graph to properties of its automorphism group. In [6,7], Cheng gave an algorithm
for computing the distinguishing number of trees and forests. Potanka computed the distinguishing number of the
generalized Petersen graphs in [17]. In addition, Russell and Sundaram considered the computational complexity
of the distinguishing number in [18]. The distinguishing number was recently extended to general group actions by
Tymoczko, who ﬁrst studied them in [19]; this generalized notion has already received much attention, for example in
[4,5,12–14,20,21]. In addition, Collins and Trenk have introduced a variant on the distinguishing number in [11] which
has been studied in [8].
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In [3], Bogstad and Cowen computedD(Qn) andD(Q2n) for each n, whereQn denotes the n-dimensional hypercube
andQpn denotes itspth graph power. They also noted thatD(Qpn) is easily computable whenpn−1. They leftD(Qpn)
for 2<p<n − 1 as an open question, conjecturing that D(Qpn) = 2 for ﬁxed p and sufﬁciently large n. Additionally,
they offered the weaker conjecture that there exists a constant c such that D(Qpn)cp for ﬁxed p and sufﬁciently
large n.
In this paper, we show that D(Qpn) = 2 for each p and n satisfying 2<p<n − 1. The proof relies on a surprising
theorem in [15] on the automorphism group of hypercube powers. This result completes the determination of the
distinguishing number of all hypercube powers of all dimensions.
We then move on to consider the distinguishing number of the augmented cube, introduced by Choudum and Sunitha
in [10] as a variation on the hypercube possessing several favorable network properties.We compute the distinguishing
number of the augmented cube of each dimension. This sequence of distinguishing numbers answers an open question
posed by Albertson and Collins in [1] on the existence of a class of graphs {Gn}∞n=1 whose sequence of distinguishing
numbers increases to some k4 and then decreases to 2.
2. Hypercubes
Given two binary strings v = v1 · · · vn and w = w1 · · ·wn, where vi, wi ∈ {0, 1} for each 1 in, the Hamming
distance between v and w, denoted h(v,w), is the number of positions in which v and w differ. Thus h(v,w) =
|{i|vi = wi}|. The n-dimensional hypercube, denoted Qn, is the graph whose vertices are the 2n binary strings
of length n and where two vertices are joined by an edge if and only if they are at Hamming distance 1. For
any graph G, the pth power of G, denoted Gp, is deﬁned to be a new graph with the same vertex set as G and
in which two distinct vertices in Gp are connected by an edge if the corresponding vertices in G are at distance
at most p. More formally, V (Gp) = V (G) and E(Gp) = {{v,w}|0<dG(v,w)p}. Here dG(v,w) denotes the
length of the shortest path between v and w in G. Thus G1G, and if p is at least the diameter of G then
GpK|V (G)|, the complete graph on |V (G)| vertices. Note that the pth power of Qn is the graph whose vertices
are the 2n binary strings of length n and where two vertices are adjacent precisely when their Hamming distance is at
most p.
In [3], Bogstad and Cowen consider the distinguishing number of the hypercube and the second power of the
hypercube. For n ∈ {2, 3}, they prove thatD(Qn)=3 andD(Q2n)=4. For n4, they showD(Qn)=D(Q2n)=2. They
note further that the graph Qn−1n consists of the complement of a perfect matching on 2n vertices, and both graphs have
distinguishing number min{x|( x2 )2n−1}. Finally, we have already seen that for pn, the graph Qpn is isomorphic to
the complete graph K2n and so has distinguishing number 2n.
The authors leave D(Qpn) for 2<p<n−1 as an open question.At this point, we wish to draw the reader’s attention
to the following very surprising theorem proved in [15].
Theorem 2.1 (Miller and Perkel [15, Section 1]). For 2<p<n − 1,
Aut(Qpn) =
{
Aut(Qn) if p is odd,
Aut(Q2n) if p is even.
For clarity’s sake, we note the following subtlety. It is shown in [2] that two graphs with automorphism groups that are
isomorphic may still have different distinguishing numbers. However, Theorem 2.1 gives more than just isomorphisms
between the groups under consideration. For note that an automorphism of Qn preserves all distances in Qn and is
therefore an automorphism of Qpn for any power p. So Aut(Qn) is realized as a subgroup of Aut(Qpn). Theorem 2.1
tells us that for any odd p, Aut(Qn) and Aut(Qpn) are in fact precisely the same subgroup of the permutation group
of their vertices, and so they act with equal distinguishing number. Thus D(Qpn) = D(Qn) = 2 for odd p. A similar
argument shows that D(Q2kn ) = D(Q2n) = 2. We summarize as follows:
Corollary 2.2. D(Qpn) = 2 for 2<p<n − 1.
This gives a complete answer to the question posed in [3].
Before concluding our discussion of hypercube powers, we state a simple but useful lemma.
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Lemma 2.3. Suppose G1 and G2 are graphs on the same vertex set, and Aut(G1) is a subgroup of Aut(G2). Then
D(G1)D(G2).
Proof. By deﬁnition, there exists a D(G2)-coloring of the vertices of G2 such that no nonidentity automorphism of
G2 preserves it. In particular, since Aut(G1)Aut(G2), no nonidentity automorphism of G1 preserves this coloring.
So D(G2) colors sufﬁce to produce a distinguishing coloring of G1. 
Lemma 2.3 shows that one of the main theorems in [3] implies another. Indeed, it is shown that D(Q2n)=2 for n4.
However, it is clear that Aut(Qn) is a subgroup of Aut(Q2n), so D(Qn)2. Since Aut(Qn) is nontrivial, D(Qn)> 1,
so D(Qn) = 2 for n4.
3. Augmented cubes
The n-dimensional augmented cube, denoted AQn, is a hypercube variant introduced in [10] by Choudum and
Sunitha.As with the hypercube, the vertices ofAQn are length-n binary strings {a1 · · · an|ai ∈ {0, 1}}. The edges of the
augmented n-cube, however, are a superset of the edges of the n-cube.We deﬁneAQn recursively as follows. For n=1,
let AQ1K2. To construct AQn for n> 1, we take two copies of AQn−1 and connect not only pairs of corresponding
vertices, as in the hypercube, but also pairs of opposite vertices. More precisely, let us index our copies of AQn−1 as
AQ0n−1 and AQ1n−1, with vertex sets V (AQ0n−1) = {0a2 · · · an|ai ∈ {0, 1}} and V (AQ1n−1) = {1b2 · · · bn|bi ∈ {0, 1}}.
We add an edge between vertices a = 0a2 · · · an ∈ AQ0n−1 and b = 1b2 · · · bn ∈ AQ1n−1 if either
(1) ai = bi for each 2 in, or
(2) ai = bi for each 2 in.
Thus, AQ2 is isomorphic to K4, the complete graph on four vertices. The augmented 3-cube, AQ3, is shown in
Fig. 1. We note that AQn is a (2n − 1)-regular graph with diameter n/2.
A useful characterization of adjacency that follows directly from the recursive deﬁnition of AQn is as follows.
Proposition 3.1 (Choudumand Sunitha [10, Proposition 2.1]). The vertices a=a1 · · · an and b=b1 · · · bn are adjacent
in AQn if and only if
(1) there exists l, 1 ln, such that ai = bi for i = l and al = bl , or
(2) there exists l, 1 ln, such that for 1 i l − 1, ai = bi , and for l in, ai = bi .
In what follows, we compute D(AQn) for each n. First, we present a lemma that is true for each n but will be used
when n3. Throughout, we let V = V (AQn) and E = E(AQn). Also, we let x¯i = 1 − xi for xi ∈ {0, 1}. Finally, we







Fig. 1. A distinguishing 3-coloring of AQ3.
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Lemma 3.2. Fix n and suppose a coloring c of AQn has the property that for any two vertices x = x1 · · · xn and
y = y1 · · · yn satisfying xn = yn and both different from 0 and 1, we have c(x) = c(y). Suppose further that a graph
automorphism  is color-preserving with respect to c and ﬁxes 0 and 1. Then  is the identity automorphism.
Proof. For 1 in, let Bi be the subgraph induced by the vertices in the set {0 · · · 0xn−i+1 · · · xn|xi ∈ {0, 1}}. Thus,
for each i, BiAQi and B1 ⊂ B2 ⊂ · · · ⊂ Bn = AQn. We will prove by induction on i that  ﬁxes each vertex of
Bi for 1 in. The case i = 1 is true by assumption. Now suppose  ﬁxes each vertex of Bi . We wish to show that
 also ﬁxes each v = v1 · · · vn ∈ Bi+1\Bi . Here, v must have the form v = 0 · · · 01vn−i+1 · · · vn. Thus, v differs from
every vertex in Bi in coordinate n − i. Then by Proposition 3.1, v is adjacent to precisely two vertices in Bi , namely
 = 0 · · · 0vn−i+1 · · · vn, where v and  differ in coordinate n − i only, and  = 0 · · · 0v¯n−i+1 · · · v¯n, where v and 
differ in coordinate n − i and every subsequent coordinate. We claim that v is the sole vertex in V \Bi of color c(v)
and adjacent to both  and , and therefore, that v must be ﬁxed by .
First, consider the other vertices in Bi+1\Bi . By Proposition 3.1, there is precisely one other vertex in Bi+1\Bi
adjacent to both  and , namely v′ = 0 · · · 01v¯n−i+1 · · · v¯n. But v and v′ differ in their last coordinate (and neither
equals 0 or 1) so that c(v) = c(v′) by assumption.
Next, consider the vertices in V \Bi+1. We claim that none of these vertices is adjacent to both  and . Suppose for
a contradiction that there exists w = w1 · · ·wn ∈ V \Bi+1 adjacent to  and . Since w /∈Bi+1, we have wj = 1 for
some j <n− i and thus wj = j and wj = j . Now, wn differs from one of n and n since n = n, so without loss
of generality assume wn = n. Then by Proposition 3.1, since w and  differ in coordinates j and n, they must also
differ in every coordinate between j and n; in particular wj+1 = j+1. But j+1 = j+1 = 0 since j + 1n − i. So
wj+1 = j+1. Then w and  differ in coordinates j and j + 1, so by Proposition 3.1, they must also differ in every
subsequent coordinate and in particular in coordinate n. Thus wn = n. But wn = n, n = n and all three are in
{0, 1} so we have a contradiction.
Therefore, v is the only vertex in V \Bi of color c(v) and adjacent to both  and  in Bi . Since  ﬁxes each vertex
of Bi ,  must ﬁx v as well. Thus, every vertex of Bi+1 is ﬁxed under . Finally, we proceed by induction to conclude
that  must ﬁx every vertex of Bn = AQn and therefore that  is the identity automorphism. 





2 if n = 1,
4 if n = 2,
3 if n = 3,
2 if n4.
Proof. The cases n = 1, 2 follow immediately from the fact that AQ1K2 and AQ2K4, and we have D(Kn) = n
for all n. We will now consider the cases n = 3 and n4 separately.
Lemma 3.4. D(AQ3) = 3.
Proof. We will exhibit a distinguishing 3-coloring of AQ3, and then show that no distinguishing 2-coloring exists. Let
c:V (AQ3) → {1, 2, 3} be the coloring c(0 0 0)= c(0 0 1)= 3, c(0 1 0)= c(1 0 0)= c(1 1 0)= 1, c(0 1 1)= c(1 0 1)=
c(1 1 1)=2. This coloring is shown in Fig. 1, where colors 1, 2, and 3 correspond to white, black, and gray, respectively.
We claim that c is a distinguishing 3-coloring of AQ3. First we show that a color-preserving graph automorphism 
must ﬁx 0 0 0 and 0 0 1 pointwise. Consider the subgraph of AQ3 induced by the vertices of colors 1 and 3. Of course
the restriction of  to this subgraph must also be an automorphism of it. Note that vertex 1 0 0 is the unique vertex of
degree 2 in this subgraph. Therefore,  must ﬁx it. Since 1 0 0 is adjacent to 0 0 0 but not 0 0 1 inAQ3, and 0 0 0 and
0 0 1 are the only vertices of color 3,  must ﬁx them as well. Finally, we apply Lemma 3.2 to conclude that  must be
the identity automorphism and therefore that D(AQ3)3.
It remains to be shown that D(AQ3)> 2. Suppose instead that c:V (AQ3) → {1, 2} is a distinguishing 2-coloring
of V (AQ3). We will produce a contradiction by constructing a nontrivial automorphism of AQ3 that preserves c.
Let 0 denote the vertex 0 0 0, and for each vertex x = x1x2x3, let x∗ denote the vertex x1x¯2x¯3. The main observation
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in this proof (one that does not generalize nicely to higher dimensions) is that each x is adjacent to precisely the
same set of vertices as x∗. This observation can be checked case-by-case using Proposition 3.1. Thus the transposition
(x x∗), for each pair x and x∗, is an automorphism of AQ3. Then we must have c(x) = c(x∗) for each x. Thus, there
are four vertices of color 1 and 4 vertices of color 2. Without loss of generality, suppose c(0) = 1, then c(0∗) = 2.
Let v /∈ {0, 0∗} be another vertex colored 1, then c(v∗) = 2. Let :V (AQ3) → V (AQ3) be given by (x) = x + v,
where addition is carried out coordinate-wise in F2. By Proposition 3.1,  ∈ Aut(AQ3). We may express  in cyclic
notation as (0 v)(0∗ v∗)(a b)(d e), where {a, b, d, e} = V (AQ3)\{0, 0∗, v, v∗}. Now, we know that two vertices of
{a, b, d, e} are colored 1 and two vertices are colored 2. If c(a) = c(b) then c(d) = c(e), and  is a nontrivial color
preserving automorphism, which contradicts that c is a distinguishing coloring. Thus we may assume, without loss of
generality, that c(a) = c(d) = 1 and c(b) = c(e) = 2. Now, since c(a∗) = 2, either b = a∗ or e = a∗. But v = 0∗, so
b = (a) = a + v = a + 0∗ = a∗. So e = a∗. Likewise, d = b∗. Then let 1 = (a e), 2 = (b d), both of which are in
Aut(AQ3). Then the composition 12 = (0 v)(0∗ v∗)(a d)(b e) is a nontrivial automorphism of AQ3 preserving c,
contradicting the assumption that c is a distinguishing coloring. Thus D(AQ3)> 2. We have already established that
D(AQ3)3, so therefore D(AQ3) = 3. 
Lemma 3.5. D(AQn) = 2 for n4.
Proof. Let c:V (AQn) → {1, 2} be given by c(0) = 2, c(1) = 1, and c(x1 · · · xn) = xn + 1 for all remaining vertices
x1 · · · xn. We claim that c is a distinguishing 2-coloring of AQn. Let  be an automorphism of AQn that preserves c.
We will show that must ﬁx 0; a similar argument shows that it must ﬁx 1. We can then apply Lemma 3.2 to conclude
that must be the identity automorphism. Then since AQn has nontrivial automorphism group as given in [9], we have
that D(AQn) = 2.
Let V (2) be the induced subgraph on the vertices of color 2 in AQn. The next two claims give us information about
adjacency in V (2).
Claim 1. The vertices of degree n in the induced subgraph V (2) are precisely the n − 2 vertices in the set S =
{1 · · · 1, 01 · · · 1, 001 · · · 1, . . . , 0 · · · 0111}.
Claim 2. The vertex 0 is the only vertex in V (2) adjacent to all of the vertices in S.
Proving these claims will complete the proof that  ﬁxes 0. For since  is color-preserving, it must restrict to an
automorphism of V (2). Therefore, it must permute the vertices of degree n in V (2) amongst themselves. If 0 is the only
vertex in V (2) that is adjacent to all of those vertices, then  must ﬁx 0.
Proof of Claim 1. One may check using Proposition 3.1 that the 2n − 1 neighbors of a given vertex v = v1 · · · vn are
given by
v¯1v2 · · · vn−1vn
v1v¯2 · · · vn−1vn
...
v1v2 · · · vn−1v¯n
v1v2 · · · v¯n−1v¯n
...
v¯1v¯2 · · · v¯n−1v¯n.
Note that n − 1 of these neighbors end in vn and the remaining n end in v¯n. Now, 0 has n − 1 neighbors of color
2, for n of them end in 1 but one of these is 0 · · · 01 = 1 which is of color 1. Next, any vertex of color 2 other than 0
ends in 1, so it has n neighbors of color 2 if and only if it is a neighbor of 0 but not of 1. The color-2 neighbors of 0 are
1 · · · 1, 01 · · · 1, . . . , 0 · · · 011, and of these only the last is a neighbor of 1. Thus the vertices of degree n in V (2) are
1 · · · 1, 01 · · · 1, . . . , 0 · · · 0111. 
M. Chan / Discrete Mathematics 308 (2008) 2330–2336 2335
Proof of Claim 2. It is easy to check that 0 is adjacent to every vertex in S. Suppose that v = v1 · · · vn−11 is some
other vertex of color 2 that is also adjacent to every vertex in S. Since v agrees in its last coordinate with every vertex in
S, each adjacency must be of the ﬁrst type as given in Proposition 3.1; that is, v must be at Hamming distance precisely
1 from each vertex in S. But this is impossible, for note that n4 guarantees that 1 · · · 1 and 01 · · · 1 are both in S,
and it is impossible for all three of 1 · · · 1, 01 · · · 1, and v to be at Hamming distance 1 from each other. Thus 0 is the
unique vertex of color 2 adjacent to every vertex in S. 
We conclude that  ﬁxes 0, and by a similar argument,  ﬁxes 1. Applying Lemma 3.2 then completes the proof that
D(AQn) = 2 for n4. 
This concludes the proof of Theorem 3.3. 
In [1], Albertson and Collins ask whether there exists a class of graphs {Gn}∞n=1 such that the sequence of distin-
guishing numbers {D(Gn)}∞n=1 grows to some k4 and then decreases to 2. The augmented cubes {AQn}∞n=1 have
precisely this property, as shown in Theorem 3.3.
4. Discussion and open questions
Hypercubes and augmented cubes are just two of many classes of graphs for which computing the distinguishing
number would be of intrinsic interest. In addition, one could ask questions relating the distinguishing number to speciﬁc
graph properties. The following general question appears in [16].
Question 1. Characterize graphs with distinguishing number 2.
In particular, Saks asks whether a graph that has a nontrivial automorphism group containing no involutions must
have distinguishing number greater than 2.
In [19], Tymoczko generalizes the notion of the distinguishing number to group actions. Given a group  acting
on a set X, we deﬁne the distinguishing number of this action, denoted D(X), to be the smallest number of colors
admitting a coloring such that the only elements of  that induce color-preserving permutations of X are those lying in
Stab(X), the element-wise stabilizer of X. Note that in this case, there exists a faithful action of the group /Stab(X)
on X with equal distinguishing number, so we may restrict our attention to faithful actions without loss of generality.
Tymoczko shows that the problem of distinguishing group actions is a more general one than distinguishing graphs;
for example, there exists a faithful action of S4 with distinguishing number 3, whereas Albertson and Collins proved
in [2] that no graph with automorphism group S4 has distinguishing number 3. This leads us to ask the following.
Question 2. Given a group , what integers are realized as distinguishing numbers of faithful actions of  but not as
distinguishing numbers of graphs with automorphism group ?
There seem to be many further interesting questions on the distinguishing number of group actions. We refer the
reader to [19] and related papers.
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